An underlying Arrhenius temperature dependence of the diffusion constant can be extracted from the fragile, super-Arrhenius diffusion of a binary Lennard-Jones mixture. The Arrhenius form is found by considering time intervals and temperatures where diffusive motion is present but the system is nonergodic, with averages taken over an ergodic trajectory. The Arrhenius diffusion can be related to the true super-Arrhenius behavior by a factor that depends on the average angle between steps in successive time intervals. This correction factor accounts for the fact that on average, successive displacements are negatively correlated. This negative correlation can be linked directly with the higher apparent activation energy for diffusion in fragile glass formers at lower temperature. Arrhenius dependence of the diffusion constant for nonergodic systems is found over a range of time scales. As time intervals are increased, the time windows become long enough to register negative correlation and the correction decreases. The Arrhenius form changes with time as ergodicity is approached and this change can be characterized by the variation in gradient and intercept with time. We introduce a formalism to describe super-Arrhenius behavior based on Arrhenius and non-Arrhenius contributions to the diffusion constant.
I. INTRODUCTION
Supercooled liquids have failed to crystallize on cooling below their melting temperature and exist in a metastable state. Viscosity and relaxation times increase with further cooling, and eventually a glass, or non-crystalline solid, is formed at the glass transition temperature, T g . A glass has the microscopic disorder of a liquid, but is defined as a solid by its mechanical properties.
The Arrhenius law defines a relationship where an observable property scales with temperature as exp͑±B / T͒ for a constant B. Such a functional form is expected when a transport or rate process encounters a potential or free energy barrier of magnitude B. Some supercooled liquids exhibit "super-Arrhenius" behavior, for which the temperature dependence of relaxation times or transport properties is stronger than predicted by the Arrhenius law. The VogelTammann-Fulcher ͑VTF͒ equation [1] [2] [3] is commonly used to fit such behavior. An alternative is provided by mode-coupling theory ͑MCT͒ 4 which predicts that the diffusion constant shows a power law behavior as a function of temperature.
The degree of super-Arrhenius behavior was used by Angell to classify supercooled liquids as "strong" or "fragile." 5 Strong materials include many network glass formers, such as silica and germanium dioxide, which have tetrahedrally coordinated structures, while fragile materials, such as orthoterphenyl, are often bound by more isotropic forces.
The strong or fragile character of a supercooled liquid appears to be correlated with various other properties, including the response to a mechanical or dielectric perturbation. [6] [7] [8] [9] [10] In simple liquids, relaxation functions usually exhibit exponential decay, i.e., the Debye form. Many supercooled liquids show departure from Debye relaxation with stretched exponential behavior, 10, 11 which correlates somewhat with their fragility. 10 Experimentally, dielectric loss spectroscopy has been applied to study the dielectric relaxation time, a measure of the response of the polarization of a material to an applied electric field. The dielectric loss factor is proportional to the rate of energy dissipation and is measured as a function of frequency. Peaks in this spectrum are often assumed to correspond to distinct mechanisms with dielectric relaxation rates given by the peak positions. For most glass formers, Johari and Goldstein found that the temperature dependence of the frequency of the main peak in the dielectric relaxation spectrum exhibited super-Arrhenius behavior. However, a second peak, identified with a faster relaxation time and Arrhenius temperature dependence, was also characterized. 12, 13 The two peaks are usually identified as a slower non-Arrhenius "␣ process" and a faster "␤ process," respectively. The process responsible for the ␣ peak has been associated with structural relaxation, which is frozen out at the glass transition on the experimental time scale, and the ␤ process has been associated with some form of "secondary relaxation," which is sometimes interpreted as a faster process corresponding to a smaller barrier. 12 The idea of separation into two components, one Arrhenius and the other super-Arrhenius, may also be applicable to diffusion. In this contribution we show that for a binary Lennard-Jones ͑BLJ͒ glass former, it is possible to separate out an Arrhenius dependence from the ergodic superArrhenius behavior.
A. Dynamic heterogeneity
Heterogeneous dynamics has been suggested as an explanation for fragile, nonexponential relaxation in supercooled liquids. A large variation in the relaxation times of individual particles could result in nonexponential relaxation, even if the relaxation of each particle is exponential. An alternative possibility is homogeneous dynamics in which each particle undergoes nonexponential relaxation.
Glasses are amorphous solids and therefore all the atoms are in slightly different environments for practically all in-stantaneous configurations. Hence we expect the dynamics of different atoms to be distinct on time scales that are too short to produce identical averages. 14 This dynamic heterogeneity, or heterogeneous relaxation, has been inferred from experiments [15] [16] [17] [18] and computer simulations. 14, [19] [20] [21] [22] It is generally studied by monitoring the most mobile and least mobile particles. [14] [15] [16] 22 In fact, heterogeneity should be the usual outcome of experiments on solids that probe local short-time transport properties. For example, when vacancies migrate in a face-centred-cubic solid only the atoms surrounding a vacancy will be mobile until the vacancy moves. 23 In isotropic diffusion, atomic displacements show a Gaussian distribution. 24 However, in supercooled liquids and glasses, this distribution is distorted even for relatively long time scales, and the change can be quantified by a nonGaussian parameter, 25
where ͗¯͘ denotes an average over all atoms of a particular type and all time origins. ␣ 2 ͑t͒ is zero when the atomic motion is homogeneous, which occurs during ballistic motion at t → 0 and ergodic diffusion at t → ϱ. For intermediate times, corresponding to the relaxation of short-range caged motion, ␣ 2 ͑t͒ increases, adhering to a master curve at different temperatures. 26 A common dependence of the form ␣ 2 ͑t͒ ϰ ͱ t has been found in this regime for different classes of materials. This relationship extends for longer times at lower temperature where there is more pronounced heterogeneity. 27 At the temperatures studied in this contribution, which are well above T g , heterogeneity is evident for time regimes that correspond to nonergodic behavior. However, we are able to describe super-Arrhenius behavior without any reference to heterogeneity, suggesting that this property is not the fundamental cause of super-Arrhenius diffusion.
B. Ergodicity
The ergodic hypothesis states that for a system in thermodynamic equilibrium, the time average of a dynamical variable must converge to its ensemble average. In general, a system is ergodic when averaging times are infinite. On finite time scales, a system that samples all regions of phase space with equal likelihood can be considered effectively ergodic. For a metastable state, such as a supercooled liquid, the equilibrium averages on a given time scale will not agree with an average taken over the whole of phase space. However, agreement is restored if the phase space average is restricted to the relevant region of phase space. Hence it is necessary to associate "equilibrium" with the observation time scale. 28 A supercooled liquid can be considered as a locally ergodic equilibrium for a certain time scale and region of phase space, which excludes the crystal. In order to study the properties of supercooled liquids we must be able to diagnose when ergodicity is attained within this restricted region of phase space.
In order to identify ergodicity we use a measure introduced by Thirumalai et al. The original method was based on the time-averaged energies of individual particles for simulations starting from two different initial states of the same system, which they called the "energy metric." 29 This measure was used to show that effective ergodicity is broken in the transition from supercooled liquids to glasses. 29 Subsequently, Mountain and Thirumalai suggested that in the absence of a multivalley structure in the relevant region of phase space, it is sufficient to examine the properties of a single trajectory using an "energy fluctuation metric" to diagnose ergodicity. 30 For a fluid in equilibrium, all particles of a given type have identical average characteristics over a long enough time scale. If a system consists of N ␣ particles of each type ␣, such that ͚ ␣ N ␣ = N, where N is the total number of particles, and the time-averaged energy of the jth particle of type ␣, is ⑀ j ͑t ; ␣͒, the total fluctuation metric is defined as
where
The time-averaged energy of a particle is given by ⑀ j ͑t ; ␣͒ = t −1 ͐ 0 t E j ͑tЈ ; ␣͒dtЈ, where E j ͑tЈ ; ␣͒ is the value of the energy of the jth particle at time tЈ, which, if the potential is pairwise additive, is the sum of the kinetic energy and half of the potential energy involving j.
If the system is ergodic within a well-defined region of configuration space, ⍀͑t͒ should vanish for long times, as the average energy of each individual particle reaches the ensemble average for that species. In computer simulations of a glass, the long-time limit of the metric is not zero, but instead reaches an almost constant value, indicating that the energy per particle is not self-averaging on the molecular dynamics time scale. 29, 31 For a particular trajectory, the form of ⍀͑t͒ plotted against 1/t can be used to determine ergodic and nonergodic time scales. This approach is particularly effective when comparisons are made among results for different total energies. 32 In this work we expand on the suggestion 33 that superArrhenius diffusive behavior can be separated into Arrhenius behavior and a quantitative correction factor, which takes into account the correlation between displacements in successive time windows. This separation is identified on nonergodic time scales, when dynamic heterogeneity is evident. We show how the energy fluctuation metric, ⍀͑t͒, and the non-Gaussian parameter, ␣͑t͒, can be used to identify these time scales, consider the nature of the correction factor, particularly in relation to the heterogeneity of the system, and extend these ideas to produce a new formalism to describe super-Arrhenius behavior.
II. SIMULATION DETAILS
The trajectories considered in this study were produced by molecular dynamics ͑MD͒ simulations of 60-, 256-, and 320-atom binary mixtures of 48 type A and 12 type B particles, 204 type A and 52 type B particles, and 256 type A and 64 type B particles, respectively, interacting via a LennardJones potential in a periodically repeated cell. 26, [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] For the 60-and 256-atom systems this cell was cubic, and for the 320-atom system, a tetragonal cell found to describe the lowest energy crystal structure for this system was used. 45 Interaction parameters 26,46 AA = 1.0, AB = 0.8, BB = 0.88, ⑀ AA = 1.0, ⑀ AB = 1.5, and ⑀ BB = 0.5 were considered along with the Stoddard-Ford quadratic cutoff, 47 which ensures that both the potential energy and its first derivative are continuous. Cutoffs for the AA interaction were just under half the shortest box length, as specified in ͑used throughout͒ were examined. For the 256-and 320-atom systems, each microcanonical run at constant energy included 10 5 initial steps followed by 10 6 steps of data collection. For the 60-atom system, 10 7 initial steps were followed by 10 7 steps of data collection in each run. The final configuration at a particular energy was used as a starting configuration for the subsequent simulation, with the total energy decreased each time as shown in Table I .
Self-diffusion coefficients, presented previously, 32 were obtained using Einstein's proportionality relation for the mean square displacement of a particle as a function of observation time in the limit that t → ϱ. The ensemble average taken for the mean square displacement is an average over all atoms of type A and for many time origins. The gradient was calculated by linear regression. All results are presented for the majority A species unless stated otherwise. However, results for the B species are qualitatively the same. Further simulation details for the trajectories used to obtain the ergodic diffusion constants can be found in Ref. 32 .
III. RESULTS
The energy fluctuation metric enables us to diagnose effective ergodicity for a particular trajectory over a range of different time scales. We have previously used the metric to diagnose ergodicity for a particular trajectory from one time origin. 32 However this measure can also be calculated for many time origins, as shown for a range of different energies in Fig. 1 . Ergodic behavior, for which we require smooth monotonic decay of ⍀͑t͒ towards zero, can be deduced from this figure. By definition, over an ergodic trajectory the average energy of each particle reaches the ensemble average for that species and we would not expect to observe dynamic heterogeneity in the mobilities of the particles. This expectation is supported by examination of the non-Gaussian parameter in Eq. ͑1͒, which decays close to zero for all ergodic trajectories. However, this observation may not preclude spatial heterogeneity in the form of clusters of immobile and mobile particles.
In order to characterize differences between the most mobile and least mobile particles, and to identify their dynamics as homogeneous or heterogeneous, we considered time scales over which the energy is not self-averaging, where ⍀͑t͒ indicates nonergodicity, and where the non-Gaussian parameter does not decay to zero. If the entire trajectory is ergodic, we can divide it up into shorter nonergodic segments and average over the corresponding short time dynam- The total length of the trajectory is t total and many different time origins are used to describe the average behavior for half of the total trajectory length. A series of lines is shown with the total system energy, and hence temperature, decreasing towards the top of the figure. Results are shown for temperatures between 1.66 and 0.387⑀ AA / k B . As the temperature is lowered, longer simulation times are required for ergodic behavior. For the lowest temperatures shown, glassy behavior is observed, the potential energy per particle is not self-averaging on the molecular dynamics time scale, and the system is nonergodic. At the highest temperatures, ⍀ A ͑t͒ approaches the long-time limit of zero, which is a characteristic of ergodic trajectories. Trajectories at temperatures down to 0.766⑀ AA / k B are found to be ergodic. The trajectories that we consider to be ergodic for this simulation length are indicated by dashed lines and the inset includes their short time behavior.
ics. Further insight is obtained by attempting to recover longtime behavior from these short segments of trajectory, which requires an examination of correlation effects.
A. Mobile and immobile atoms
Diffusion constants are a measure of mobility, and Einstein's relation should be used in the limit that t → ϱ. We will study mobility using an "incorrect" diffusion constant, calculated from the average mean square displacement over different time scales. The mean square displacement after a period of time, t, is given by the following formula:
where ͗¯͘ denotes an average over many time origins, and r i ͑t͒ is the position vector of atom i at time t. The mean square displacement used to calculate D͑͒ is given by
where t = m for integer m and ⌬r i ͑j͒ = r i ͑j͒ − r i ͑j − ͒.
In each time interval of length , we can identify a range of different mobilities. Here we define mobility in terms of the displacement between two end points. Figure 2 includes such short-time-averaged diffusion constants, D͑͒, for the most mobile A atom, least mobile A atom and the average over all A atoms for time intervals of = 25, 250, and 2500 in a 60-atom BLJ mixture of number density 1.3. The true diffusion constants calculated from the full ergodic trajectories and averaged over all A atoms are also shown. On the shortest time scale all the atoms, whether more or less mobile, show diffusion that appears to be Arrhenius, without the distinctive super-Arrhenius curvature of the true diffusion constant. Arrhenius-type behavior is also found when we average over all the atoms in this time interval.
The results for individual atoms in Fig. 2 run parallel to the true diffusion constant at high temperature, but deviate at low temperature. The deviation occurs where curvature in the true diffusion constant becomes apparent, around T = 1.0 in units of ⑀ AA / k B ͑used throughout͒.
As is increased, we would expect D͑͒ to approach the true long-term diffusion constant, such that eventually ergodicity is reached and D͑͒ no longer changes. Figure 2 shows that super-Arrhenius curvature does appear with increasing and we see that it is only the lower temperature results that change. At high temperature it appears that ergodicity was already reached on the shortest time scale considered. Arrhenius behavior is observed on time scales for which the low temperature results, where the true super-Arrhenius behavior is most pronounced, are nonergodic. On averaging over longer time windows, super-Arrhenius behavior is progressively recovered. The behavior of the energy fluctuation metric, as plotted in Fig. 3 , shows that at the four lowest temperatures, ergodicity is approached at a time of around 2500, as D͑͒ → D͑ϱ͒.
Breaking down the contributions to D͑͒ from atoms of differing mobility reveals essentially the same increasing super-Arrhenius behavior with increasing , independent of the atomic mobility ͑Fig. 2͒. A difference in the diffusion constants calculated for the most mobile and least mobile atoms remains, and when ergodicity is approached the difference in ln D appears to become constant. This difference reflects the shape of the distribution of square displacements, 3 . Minority B-atom contribution to the total energy ͑poten-tial and kinetic energy͒ fluctuation metric for a 60-atom BLJ mixture at a number density of 1.3, plotted against t total / t, where t total = 50 000, the total length of the trajectories. Overall nonergodic runs are shown by solid lines, and these are excluded from the D͑͒ analysis. The ergodic runs from which D͑͒ has been calculated are shown by dashed lines. The vertical line corresponds to t = 2500. Four ergodic trajectories are separated from the other ergodic runs at this point; they are nonergodic on shorter time scales, but are approaching ergodicity. The same trend is shown by ⍀ A ͑t͒, the majority A-atom contribution.
and we would expect such a distribution of mobilities even on an ergodic time scale. 24 The slight difference in the relative positions of the curves for increasing reflects the narrowing of the distribution with time, which results from an averaging effect as heterogeneity disappears from the system.
If barriers of different heights can be associated with atoms of greater and lesser mobility, this would be reflected in differing gradients. However, we find that there is little difference even on the shortest time scales. Hence we find no evidence that super-Arrhenius diffusion results from averaging over a distribution of particles that each behave in Arrhenius fashion with different barriers. Instead, the analysis below shows that super-Arrhenius behavior results from a negative correlation between the atomic displacements in successive time windows. If the windows are too short then there is insufficient time for reversals in direction to be registered in lower temperature trajectories, and the calculated D͑͒ is too large. The magnitude of the discrepancy between D͑͒ and D͑ϱ͒ for a particular value of increases with decreasing temperature, in agreement with the suggestion that non-Arrhenius transport properties are linked to the increasing time scale required to achieve effective ergodicity at low temperature.
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B. Correlation and super-Arrhenius behavior
We can write an expression for the mean square displacement after a period of time, t, in terms of atomic displacements in m time intervals of length , When determining the mean square displacement for a time interval , we include the first term in Eq. ͑6͒ but not the second term. As we see from the behavior of D͑͒, this second term is nonzero at low temperature, and by effectively averaging over the atoms too early, we miscalculate the diffusion constant and find Arrhenius temperature dependence. The second term is therefore responsible for the superArrhenius behavior.
The cos jk term between displacements in different time intervals can be calculated. 33 For = 25, a distribution of cos jk for k = j + 1, describing the angle between displacements in adjacent time intervals, shows a significant bias towards negative values, which is largest for lower temperatures. For k = j + 2, describing the angle between displacements in time intervals separated by one intervening time interval, there is little difference between the probability distributions at different temperatures and no bias towards positive or negative values of cos jk , leading to an average value of zero.
33 Figure 4 shows the average value of ͗cos jk ͘ for a larger 256-atom system and time intervals of length = 2.5. We see from Fig. 4 that, except at the lowest temperatures, where there is a small net negative value for k = j +2, ͗cos jk ͘ 0 for adjacent time intervals only. For k Ն j +2, where the cos jk distribution is flat, resembling a random walk, it is likely that the angle and magnitude of the displacements are independent and separable so that taking an average in this way is justified. However, for k = j + 1, the angle and magnitude of the displacements may not be separable. This effect would result in a loss of information when an average value of cos jk is used. However, we find this makes little difference to the correction, as discussed in Sec. III C.
If we assume that m is large and the magnitudes of the displacements in adjacent steps are similar, such that only the average behavior of cos jk is important, the following formula for the mean square displacement is obtained:
The mean square displacement is calculated for integer values of m and averaged over many time origins. This formula would be exact if the displacements for every atom in every time interval had the same magnitude. Using this formula, which adjusts the mean square displacement, a new diffusion coefficient, D͑͒ * , is obtained and we can recover the correct super-Arrhenius behavior for different values of .
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This analysis was repeated for larger BLJ systems of 256 and 320 atoms. Figure 5 shows D͑͒ calculated for several different values of , with and without the ͗cos jk ͘ correction for the 256-atom system at a density of 1.1. Figure 6 shows D͑͒ for 256-and 320-atom systems at a higher density of 1.3. This figure shows that increasing the system size from 256 to 320 atoms results in no further change in D͑͒. The ergodic diffusion constants also remain unchanged. This convergence of the diffusion constants with increasing system size shows that for a system of at least 256 atoms, finitesize effects are small. The correction recovers the correct diffusion constants for all but the smallest values of . For both densities, without the correction, the smallest considered, corresponding to 500 MD steps, results in diffusion that appears to be "subArrhenius." This result is easily understood, since at low temperatures for the shortest times, a plateau in the mean square displacement shows that the particles are still caged. This caging explains why the ͗cos j,j+1 ͘ correction is not sufficient at such short times to recover the true superArrhenius behavior. For these low temperatures, as shown in Fig. 4 for the higher density, some negative correlation is evident beyond the correlation of adjacent steps.
Departure of the non-Gaussian parameter from a "master curve" of the approximate form ␣ 2 ϰ ͱ t provides a convenient cutoff for the end of the plateau region of the mean square displacement. After this time we observe recovery towards long-time diffusive behavior. Previously, 49 a cage rearrangement time scale has been defined by the time taken for a maximum in the non-Gaussian parameter to be reached. However, in this instance, there is no need to delay the cutoff until the maximum. Using the master curve criterion, we can rationalize the results at the two lowest temperatures for the 256-atom system in Fig. 6 . The vertical lines in Fig. 7 show the five lowest values of for which D͑͒ has been calculated. For D͑͒ calculated before departure from the master curve, i.e., during caging, the ͗cos j,j+1 ͘ correction for correlation between adjacent steps is not sufficient to regain the true diffusion constants.
C. The correction factor
The behavior of ͗cos j,j+1 ͘ for a particular temperature changes with . Initially, for the values of considered, ͗cos j,j+1 ͘ is negative, and an atom is most likely to move backwards relative to the displacement vector in the previous time window. If all directions were equally likely, ͗cos j,j+1 ͘ would be zero. We expect it to become zero when increases sufficiently for ergodicity to be achieved. On this time scale any backward motion is relatively fast and has already made a direct contribution to the calculated diffusion constant. The short time behavior of ͗cos j,j+1 ͘ for three different temperatures is shown in Fig. 8 . ͗cos j,j+1 ͘ is positive during ballistic motion and reaches a negative minimum before a slow recovery. Figure 8 also shows the behavior of ͗⌬r i ͑j͒ · ⌬r i ͑j +1͒͘ / ͗⌬r i ͑j͒ 2 ͘, which gives the exact correction for the correlation between adjacent steps ͓from Eq. ͑6͔͒. This expression is exact because it does not assume that the magnitude and direction of the displacements are separable. The most significant difference between the two corrections occurs at the minima in Fig. 8 . However, for these small values of , neither correction is sufficient to regain the true diffusion, as negative correlation extends beyond adjacent steps. For longer times there is little difference between these two corrections. ͗cos j,j+1 ͘ appears to overestimate slightly the magnitude of the exact correction. This effect increases with decreasing temperature and the maximum difference appears to correlate with the maximum in the non-Gaussian parameter. However, for the temperature range considered, the difference is relatively small and it appears to be sufficient to correct the whole distribution by the same constant factor, ͗cos j,j+1 ͘. A correction of this form does not alter the value of the non-Gaussian parameter. Hence, superArrhenius behavior is recovered without removing heterogeneity from the system. Previous work has highlighted the importance of correlation effects. Reversible and irreversible cage-breaking processes ͑or jumps͒ in a BLJ system have been studied, and the ratio of reversible to irreversible jumps was found to increase with decreasing temperature. 50 Jumps which become increasingly reversible with decreasing temperature have also been found for Cu 33 Zr 67 . 51, 52 For dynamics at short times during caging, computer simulations of hard spheres 53, 54 and experiments on colloidal suspensions 55 suggest that a backdragging effect determines the local slope of the meansquare displacement.
Our observation that super-Arrhenius behavior can be recovered from the negative correlation between displacements leads us naturally to consider correlated transitions between local minima on the potential energy surface. Such a correlation could be a direct result of a reduced number of connections, because if the number of connections is limited then return to a previous minimum becomes more likely. In an amorphous region of configuration space, connectivity probably decreases at low energy, and this effect has been suggested previously as an explanation for the increasing free energy barrier to relaxation, which produces superArrhenius diffusion. 56, 57 Correlation in the direction of successive transitions between minima has been considered previously. Middleton and Wales found that no positive correlation occurred between successive transitions for a 60-atom BLJ system, and negative correlation is visible in Fig. 6 of their report. 58 Studies by Keyes and Chowdhary for a 32-atom Lennard-Jones system 59 and Doliwa and Heuer for a 65-atom BLJ system 39,60 also suggest that negative correlation exists, in agreement with the present work. An increased apparent activation energy as a result of an increased probability of return to the original ground state has also been found in a model system with a simple hierarchical landscape. 61 We can directly link the increased negative correlation between displacements in successive time windows at lower temperatures with the higher apparent activation energy for diffusion in fragile glasses. If D͑͒ is Arrhenius, we can also deduce the form needed for the correction to give super-Arrhenius behavior. One possibility is that ln͑1+2͗cos j,j+1 ͒͘ behaves like a / T b , where b Ͼ 1. In the next section, we will attempt to characterize this behavior.
D. Nonergodic Arrhenius diffusion
It is not only at short times that an Arrhenius component of diffusion is recovered from the super-Arrhenius behavior. If only nonergodic results are considered, the Arrhenius dependence is seen for the whole range of , as shown in Fig.  9 . As increases, time windows become long enough to register negative correlation, the Arrhenius form changes and the correction decreases.
In order to study the Arrhenius dependence we must determine the time when systems at different temperatures have become ergodic. For time intervals longer than this ergodic time, t erg , the diffusion constant should be excluded from fits to the Arrhenius form, because the system begins to show super-Arrhenius curvature. In order to determine the ergodicity or nonergodicity of simulation trajectories at low temperature we have used the energy fluctuation metric, ⍀͑t͒.
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However, this determination did not require a precise cutoff between ergodic and nonergodic times, and in fact the transition occurs slowly over a period of time. We now need to determine a consistent cutoff between ergodicity and nonergodicity. Decay of ⍀͑t͒ or ⍀͑t͒ / ⍀͑0͒ to a specific value can be used to provide the cutoff or a cutoff for decay of the non-Gaussian parameter, ␣ 2 ͑t͒, can be used. ␣ 2 ͑t͒ describes the heterogeneity of the system, giving a measure of the increasing time scales required for ergodicity at lower temperatures, as heterogeneity no longer exists once the trajectory is ergodic. Once we have an ergodic trajectory, we have found that using a cutoff for the decay of ␣ 2 ͑t͒ is a convenient measure of an "ergodic time." Figure 10 shows that for low temperatures, decay of ␣ 2 ͑t͒ to below 0.1 coincides with a system that ⍀͑t͒ would describe as approaching ergodicity. We shall use decay of ␣ 2 ͑t͒ to below 0.05, 0.1, and 0.2 as cutoffs for the maximum value of considered for a particular temperature. D͑͒ values calculated before departure from the master curve in ␣ 2 ͑t͒ are also excluded, as they correspond to caging. For these small values of , negative correlation extends beyond adjacent steps. Linear regression is then used to fit to the remaining nonergodic results at time intervals between 2.5 and 250, as shown in Fig. 9 for cutoffs in ␣ 2 ͑t͒ of 0.05 and 0.2. For each value of the linear regression fit of ln D͑͒ to A / T + B yields a gradient A͑͒ and an intercept, B͑͒. Figure 11 reveals that both A͑͒ and B͑͒ can be fitted quite well to the form a͓ln͑ / 0 +1͔͒ b + c where 0 = 1. For time intervals in the Arrhenius regime, the variation of the diffusion constant with temperature and is then the following for 0 Յ Յ t erg :
͑8͒
with fitted parameters a , b , c , d , e, and ln D 0 , and 0 =1. At = t erg , the function in Eq. ͑8͒ reaches a minimum and then begins to increase, while the real diffusion constant becomes constant. This is why we have to be careful about excluding ergodic results from the Arrhenius fits. Minimization of Eq. ͑8͒ with respect to gives an ergodic time, and hence an ergodic diffusion constant as a function of temperature, with the following forms:
͑9͒
as shown in Fig. 12 for all three cutoffs, where h, j, m, and n are combinations of the fitted parameters in Eq. ͑8͒. The diffusion coefficient consists of an Arrhenius dependence ͑hypothetically seen at =0͒ and a correction of the form we anticipated at the end of the previous section. If the Arrhenius process describes a single or multiple barrier event with a constant activation energy, the non-Arrhenius behavior could arise from an entropic contribution. 56 If the particles are restricted in their choice of direction, negatively correlated motion is likely and a higher apparent activation energy results.
We find that the diffusion constant is predicted well by Eq. ͑9͒ for temperatures where ergodic times remain within the range of time intervals studied, with deviation occurring only at high and low temperature. The choice of cutoff for ␣ 2 ͑t͒ appears to make little difference to the results.
D͑T , ͒ is linked to the local behavior of the mean square displacement after time and at a particular temperature. A mean square displacement can be recovered using the following expression: 
E. Fitting to super-Arrhenius behavior
The form of the diffusion constant given in Eq. ͑9͒ can be used to fit the ergodic diffusion constants. Figure 14 shows the new fit for a 256-atom system at a number density of 1.2. The form of the mean square displacement and diffusion constants for this system agree very well with those found for 320 atoms and also for a larger system of 1000 particles with a shifted potential. 26, 62 Figure 14 also shows the two components of the fit, the Arrhenius part, −c / T +ln D 0 , and the correction, −͑m / T͒ n , separately. The Arrhenius form follows the high temperature results and deviates at T Ϸ 1, where this system is expected to enter a "landscapeinfluenced" regime. 34 The correction is close to zero until T Ϸ 1 and then its magnitude increases dramatically.
An estimated variance ͑or residual mean square͒ for the fit is calculated by dividing the residual sum of squares by the number of degrees of freedom, given by subtracting the number of fitted parameters from the number of data points. 63 By this criterion the fit is better than for the VTF form, which has one less parameter, as shown in Table II for 256-atom systems of varying number density. The VTF form for a 256-atom system at a number density of 1.2 is shown in Fig. 15 .
An MCT fit is also shown in Fig. 15 and can be compared with a fit to Eq. ͑9͒. For these fits, data at temperatures above T = 1 have been excluded, as for this density it has been found previously that power law behavior is only followed at lower temperatures. 26 Our new form has a slightly smaller estimated variance ͑Table III͒. It is also worth noting that high temperature results outside the fitting region are still predicted extremely well by our fit, and no kinetic arrest is predicted by our model. Various other functional forms with varying numbers of parameters have been used to fit superArrhenius behavior, 64, 65 including the Ferry 66 or Bässler form, 67 which, in common with Eq. ͑9͒, has no kinetic arrest. 
IV. CONCLUSIONS
Heterogeneous dynamics has been suggested as an explanation for fragile, super-Arrhenius diffusion in supercooled liquids. Using an energy fluctuation metric 30, 32 to determine ergodicity and the non-Gaussian parameter 25 to determine heterogeneity, we have identified heterogeneity with nonergodic time scales. Over an ergodic trajectory, heterogeneity is no longer evident, and the non-Gaussian parameter decays approximately to zero.
In order to identify a connection between heterogeneity and super-Arrhenius diffusion, we have examined the dynamics of 60-, 256-, and 320-atom binary Lennard-Jones mixtures on nonergodic time scales. For temperatures where super-Arrhenius diffusion is evident, we have been able to separate an Arrhenius-like temperature dependence from the true diffusion constant. We considered time intervals where "diffusive motion" occurs, but measurements of the total particle energy show nonergodicity, averaged over an ergodic trajectory. Arrhenius behavior is then seen for all atoms as well as for the average. As the time intervals for averaging are increased, and ergodicity is approached, the correct super-Arrhenius behavior is recovered. The short-time Arrhenius diffusion can be corrected to give the true superArrhenius behavior by including a factor containing the average angle between steps in successive time intervals but without including an explicit description of the heterogeneity of the system. We find that both the short-time Arrhenius diffusion constants and the ergodic diffusion constants appear to have converged by a system size of 256 atoms. Therefore we are confident that any finite size effects are small.
The correction factor shows that displacements are negatively correlated on average. The negative correlation is therefore directly linked to the increase in effective activation energy at low temperature. For shorter times, where a plateau in the mean square displacement is evident, the correction factor is not sufficient to regain super-Arrhenius curvature. We can identify the point at which "diffusive motion" begins with departure from a master curve in the nonGaussian parameter.
We are able to describe the nonergodic diffusion constants by an Arrhenius form that changes with time, and using this form we can accurately reproduce the mean square displacement within our region of interest. An alternative equation to describe super-Arrhenius behavior based on Arrhenius and non-Arrhenius contributions is introduced, and appears to fit the data at least as well as the VTF or MCT forms. 
